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In the present paper, the primal-dual problem consisting of the investment risk minimization
problem and the expected return maximization problem in the mean-variance model is discussed
using replica analysis. As a natural extension of the investment risk minimization problem under only
a budget constraint that we analyzed in a previous study, we herein consider a primal-dual problem
in which the investment risk minimization problem with budget and expected return constraints is
regarded as the primal problem, and the expected return maximization problem with budget and
investment risk constraints is regarded as the dual problem. With respect to these optimal problems,
we analyze a quenched disordered system involving both of these optimization problems using the
approach developed in statistical mechanical informatics, and confirm that both optimal portfolios
can possess the primal-dual structure. Finally, the results of numerical simulations are shown to
validate the effectiveness of the proposed method.
PACS number(s): 89.65.Gh, 89.90.+n, 02.50.-r
I. INTRODUCTION
The portfolio optimization problem, a mathemati-
cal finance problem, originating from the mean-variance
model proposed by Markowitz in 1952 and 1959 [1, 2],
and the optimal strategy of diversification investment of
the expected investment risk and the expectation of in-
vestment return, has been solved in several operations
research studies [3, 4]. However, these previous stud-
ies considered only the analysis of annealed disordered
systems in the framework of many-body complex sys-
tems. The analysis of a quenched disordered system ex-
pected by the investor in practice has been investigated
only rarely in operations research. Recently, analysis of
quenched disordered systems involving the portfolio opti-
mization problem has been performed using replica anal-
ysis, the belief propagation method, and the asymptotic
eigenvalue distribution of a random matrix, which were
developed in several previous studies in interdisciplinary
research fields such as statistical mechanical informatics
and econophysics [5–13]. For example, Ciliberti et al.
performed a replica analysis of the minimal investment
risk for the absolute deviation model and the expected
shortfall model for a quenched disordered system, and
reported the phase diagram for the expected shortfall
model in the zero temperature limit [5, 6]. Kondor et
al. evaluated the noise sensibility of the estimated er-
ror of the optimal solution with respect to several risk
functions, such as variance, absolute deviation, expected
shortfall, and maximum loss using numerical simulations
[7]. Moreover, using numerical simulations, Pafka et al.
showed that the optimal portfolio of each asset, which
is the portfolio that can minimize the investment risk
in the mean-variance model under only a budget con-
straint, has a normal distribution, and evaluated the ra-
tio between the minimal expected investment risk and
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the in-sample risk [8]. Shinzato reported that the mini-
mal investment risk and its investment concentration in
the mean-variance model under only a budget constraint
are satisfied by the self-averaging property using a large-
deviation approach and replica analysis, and performed
a quenched disordered analysis of this investment system
[9]. Furthermore, Shinzato et al. developed a fast algo-
rithm for resolving the optimal solution that can mini-
mize each investment risk, including that in the mean-
variance model, the absolute deviation model, and the
expected shortfall model, using the belief propagation
method [10]. Varga-Haszonits et al. determined the opti-
mal portfolio that can minimize the variance between the
whole return in each scenario and the expected return un-
der budget and expected return constraints in a quenched
disordered system using replica analysis [11]. In addi-
tion, Shinzato performed an analysis of a quenched disor-
dered system involving the investment risk minimization
problem with budget and investment concentration con-
straints, and the investment concentration maximization
and/or minimization problem with budget and invest-
ment risk using replica analysis, and clarified that the
primal-dual structure also holds for a quenched system
[12, 13].
Quenched analysis has been examined extensively. In
particular, the portfolio optimization problem under sev-
eral constraints has been analyzed in a number of stud-
ies [11–13]. However, the investment risk minimization
problem with budget and expected return constraints,
and the expected return maximization problem with bud-
get and investment risk constraints, have rarely been
investigated. Although Varga-Haszonits et al. solved
the portfolio optimization problem under budget and ex-
pected return constraints using replica analysis [11], the
object function considered was defined as half of the sum
of the squares of the differences between the whole re-
turn in each scenario and the expected return, rather
than using the variance of the whole return in each sce-
nario. In other words, since the object function con-
sidered was not the investment risk, the investment risk
2minimization problem with budget and expected return
constraints, which is a natural extension of our previous
study [9], has not yet been examined. Furthermore, Shin-
zato first performed a replica analysis of the primal-dual
problem with respect to the mean-variance model. From
a unified viewpoint, it is also necessary to multidirection-
ally examine both portfolio optimization problems, i.e.,
the investment risk minimization problem with budget
and expected return constraints and the expected return
maximization problem with budget and investment risk
constraints.
The goal of the present paper is to perform a replica
analysis of a primal-dual problem consisting of the invest-
ment risk minimization problem and the expected return
maximization problem in the mean-variance model, fol-
lowing the analytical approach used in previous studies
[12, 13]. As a natural extension of our previous study
[9], which only analyzed an investment risk minimiza-
tion problem under a budget constraint, we herein con-
sider a primal-dual problem in which the investment risk
minimization problem with budget and expected return
constraints is regarded as the primal problem and the
expected return maximization problem with budget and
investment risk constraints is regarded as the dual prob-
lem. With respect to these portfolio optimization prob-
lems, using an analytical approach in statistical mechani-
cal informatics, we analyze a quenched disordered system
and determine whether both optimal solutions can pos-
sess the primal-dual structure. Moreover, we compare
with the results with those obtained through numerical
simulations in order to validate the effectiveness of the
proposed method.
The remainder of the present paper is organized as fol-
lows. In the next section, we describe the primal problem
and the dual problem handled herein, where, for the sake
of convenience, the primal problem is the investment risk
minimization problem with budget and expected return
constraints and the dual problem is the expected return
maximization problem with budget and investment risk
constraints. In Section III, following the analytical pro-
cedure used in our previous study [9], a replica analysis of
a quenched disordered system involving the primal and
dual problems is performed. Moreover, an annealed dis-
ordered system is analyzed using Lagrange’s method of
undetermined multipliers. In Section IV, in order to con-
firm the effectiveness of the proposed method, we com-
pare the results with those of numerical experiments. Fi-
nally, Section V presents conclusions and areas for future
research.
II. MODEL SETTING
First, we formulate the primal and dual problems in
the mean-variance model considered herein.
A. Primal problem
Similar to previous studies [5–12], the present paper
considers a stable investment market that can handle
the investment of N assets. Here, wi is a portfolio
of assets i(= 1, 2, · · · , N), which can be described as
~w = (w1, · · · , wN )T ∈ RN , where T represents the trans-
pose of the matrix and/or vector. Moreover, in order to
simplify the discussion, we assume that short selling, i.e.,
wi ≤ 0 is allowed. Next, given p scenarios (or periods),
which are used in investing, the return rate of asset i in
scenario µ(= 1, 2, · · · , p) can be described as x¯iµ, and the
return of each asset is assumed to be independently dis-
tributed. Based on this assumption, we do not consider
period correlation. Furthermore, the mean and variance
of the return rate of asset i are denoted as ri and s
2,
respectively. Moreover, the mean ri is assumed to be
a hyperparameter that is independently and identically
distributed with a probability distribution with a mean
and variance of m and σ2, respectively. Thus, the invest-
ment risk H(~w|X) with respect to portfolio ~w is defined
as follows:
H(~w|X) = 1
2N
p∑
µ=1
(
N∑
i=1
x¯iµwi −
N∑
i=1
riwi
)2
=
1
2
p∑
µ=1
(
1√
N
N∑
i=1
xiµwi
)2
, (1)
where the modified return rate xiµ = x¯iµ − ri is used.
Then, the mean and variance of the modified return rate
are 0 and s2, respectively. Furthermore, the return rate
matrix is given by X =
{
xiµ√
N
}
∈ RN×p. With respect
to this object function, as budget and expected return
constraints,
N =
N∑
i=1
wi, (2)
NR =
N∑
i=1
riwi, (3)
are used. The budget constraint in Eq. (2) was used in
previous studies [5, 6, 9–12], and Eq. (3) describes the
expected return constraints. Moreover, R is a coefficient
characterizing the expected return. In addition, the fea-
sible portfolio subset P(R) is given in terms of portfolio
~w and satisfies these two constraints:
P(R) = {~w ∈ RN ∣∣N = ~eT ~w,NR = ~rT ~w} , (4)
where ~e = (1, · · · , 1)T ∈ RN is the constant vector and
~r = (r1, r2, · · · , rN )T ∈ RN is the mean vector. Thus,
the primal problem considered herein is the problem of
determining the optimal portfolio ~w that can minimize
the investment risk H(~w|X) in Eq. (1) in the feasible
3portfolio subset P(R) in Eq. (4). The minimal invest-
ment risk per asset ε is calculated as follows:
ε = min
~w∈P(R)
{
1
N
H(~w|X)
}
. (5)
Based on the argument in our previous study [9], in the
investment risk minimization problem imposing only a
budget constraint, the minimal investment risk per asset
is ε = s
2(α−1)
2 , where the scenario ratio α = p/N is used.
When the rank of the return rate matrix X =
{
xiµ√
N
}
∈
R
N×p, rank(X) = N , i.e., p > N , because the optimal
solutions of the primal problem and the dual problem
described later herein can be determined uniquely, and
the argument is limited to α = p/N > 1.
Finally, there are two important considerations. First,
using Lagrange’s method of undetermined multipliers,
ε =
N
2~eTJ−1~e

1 +
(
R− ~rTJ−1~e
~eTJ−1~e
)2
~rTJ−1~r
~eTJ−1~e −
(
~rTJ−1~e
~eTJ−1~e
)2

 , (6)
is solved analytically, where the Wishart matrix J =
XXT ∈ RN×N is used. (See Appendix A for details.)
However, the computational complexity of the inverse of
the Wishart matrix J = XXT must be O(N3), and, in
the analysis of a quenched disordered system, it is nec-
essary to average Eq. (6) over the return rate matrix X
and the mean vector ~r. Therefore, it is not easy to di-
rectly evaluate the configuration average EX,~r [ε], where
EX,~r[f(X,~r)] describes the expectation of f(X,~r) over
the whole configuration of X and ~r. As such, we will
analyze the configuration average of the minimal invest-
ment risk per asset using replica analysis, which does not
directly require evaluation of the inverse matrix in order
to solve the configuration average.
Next, based on the definitions of the investment risk
and expected return, we can separate the randomness in
the expected return from the randomness in the invest-
ment risk. In other words, in the mean-variance model,
since the investment risk is defined as half of the sum
of the squares of the differences between whole return∑N
i=1 x¯iµwi in scenario µ and expected return
∑N
i=1 riwi,
using the modified return rate xiµ, we can remove the in-
fluence of the randomness of the expected return from the
investment risk. Moreover, based on this formulation, the
distributions of xiµ and ri can be set independently.
B. Dual problem
In Subsection IIA, similar to the primal problem, we
formulate the dual problem as obtaining the optimal
portfolio ~w that can maximize the expected return with
imposed budget and investment risk constraints. The
expected return H′(~w|~r) is defined as follows:
H′(~w|~r) =
N∑
i=1
riwi, (7)
where
N =
N∑
i=1
wi, (8)
Nε′ =
1
2
p∑
µ=1
(
1√
N
N∑
i=1
wixiµ
)2
, (9)
are the budget and investment risk constraints. Equa-
tion (8) is identical to the budget constraint given in Eq.
(2), and Eq. (9) describes the investment risk constraint.
Moreover, ε′ is a coefficient characterizing the investment
risk, and the feasible portfolio subset D(ε′) is defined in
terms of the portfolio ~w, which satisfies these two con-
straints:
D(ε′) =
{
~w ∈ RN
∣∣∣∣N = ~eT ~w,Nε′ = 12 ~wTJ ~w
}
. (10)
Thus, the expected return per asset of the dual problem,
R′, is calculated as follows:
R′ = max
~w∈D(ε′)
{
1
N
H′(~w|~r)
}
. (11)
Moreover, using Lagrange’s method of undetermined
multipliers with respect to this dual problem,
R′ =
√
~rTJ−1~r
~eTJ−1~e
−
(
~rTJ−1~e
~eTJ−1~e
)2√
2ε′~eTJ−1~e
N
− 1
+
~rTJ−1~e
~eTJ−1~e
, (12)
is solved analytically. (See Appendix B for details.) How-
ever, since it is also difficult to directly assess Eq. (12) for
a quenched disordered system, replica analysis is used.
Finally, there are two important considerations. First,
the object function in Eq. (1) in the primal problem
corresponds to the second constraint in Eq. (9) in the
dual problem, and the object function in Eq. (7) in the
dual problem corresponds to the second constraint in Eq.
(3) in the primal problem. Second, the primal problem
considered in the present paper is a natural extension of
that in our previous study [9]. However, since we con-
sider the expected return constraint in the present study,
the proposed method is more practicable. The portfolio
optimization problem with budget and expected return
constraints has also been discussed [11]. However, since
in that study, the object function was not the investment
risk, and the randomness of the asset returns in the in-
vestment risk and the expected return were different, it
was not always a natural extension of our previous study
[9]. Furthermore, since the primal-dual structure is not
handled analytically, it is more important to support the
results of Varga-Haszonits et al. [11] by our findings in
the present paper.
4III. REPLICA ANALYSIS
A. Replica analysis for the primal problem
In this section, we perform a replica analysis of a
quenched disordered system involving the primal prob-
lem. Following our previous study [9], the partition func-
tion for the canonical ensemble of this investment system
of inverse temperature β, Z(R,X,~r) is denoted as fol-
lows:
Z(R,X,~r) =
∫
~w∈P(R)
d~we−βH(~w|X), (13)
where the investment risk H(~w|X) in Eq. (1) is regarded
as the Hamiltonian, and the integral of ~w is regarded as
the feasible portfolio subset P(R).
Thus, the minimal investment risk per asset ε is calcu-
lated from the following thermodynamic relation:
ε = min
~w∈P(R)
{
1
N
H(~w|X)
}
= − lim
β→∞
1
N
∂
∂β
logZ(R,X,~r). (14)
The analysis of a quenched disordered system is per-
formed as follows:
φ(R) = lim
N→∞
1
N
EX,~r[logZ(R,X,~r)]
= Extr
Θ
{
1
2
(χw + qw)(χ˜w − q˜w) + qw q˜w
2
−k − (R −m)θ + σ
2θ2
2
χw − α
2
log(1 + βs2χw)
− αβs
2qw
2(1 + βs2χw)
− 1
2
log χ˜w +
q˜w + k
2
2χ˜w
}
, (15)
where Θ = {k, θ, χw, qw, χ˜w, q˜w} is used. Moreover, the
notation Extrz f(z) describes the extremum of function
f(z) with respect to the variable z. (See Appendix C for
details.)
From these extremum conditions, as the results of the
principal variables at inverse temperature β, we obtain
ε =
1
2β
+
s2(α− 1)
2
(
1 +
(R −m)2
σ2
)
, (16)
qw =
α
α− 1
(
1 +
(R −m)2
σ2
)
, (17)
χw =
1
βs2(α − 1) . (18)
In the zero temperature limit, we obtain
ε =
s2(α− 1)
2
(
1 +
(R −m)2
σ2
)
, (19)
where the investment risk per asset ε is a quadratic func-
tion of R. In addition, when R = m, the minimum value
of ε is s
2(α−1)
2 . Now, if R = m in Eq. (3), since the
expected return constraint is consistent with the budget
constraint in Eq. (2), in practice, this result is consistent
with the minimization of the investment risk with only a
budget constraint being imposed.
Moreover, the Sharpe ratio, which measures the ex-
pected return with respect to the investment risk, i.e.,
S = R√
2ε
, is derived as follows:
S =
1
s
√
α− 1
R√
1 + (R−m)
2
σ2
. (20)
From ∂S
∂R
= 0, R = m+ σ
2
m
and ε = s
2(α−1)
2
(
1 + σ
2
m2
)
are
calculated, and the maximum Sharpe ratio Smax is then
obtained as follows:
Smax =
√
m2 + σ2
s
√
α− 1 . (21)
Finally, we can also discuss the analysis of the annealed
disordered system. We have
εOR =
s2α
2
(
1 +
(R−m)2
σ2
)
, (22)
qORw = 1 +
(R −m)2
σ2
. (23)
(See Appendix E for details.) As the relationship be-
tween the minimal investment risk per asset ε in Eq. (19)
and the minimal expected investment risk per asset εOR
in Eq. (22),
ε < εOR, (24)
is obtained. Similarly, SOR = R√
2εOR
< S also holds.
B. Replica analysis for the dual problem
In this subsection, we describe a replica analysis of a
quenched disordered system involving a dual problem.
Following the above approach, the partition function for
the canonical ensemble of this investment system with an
inverse temperature β, Z(ε′, X,~r), is defined as follows:
Z(ε′, X,~r) =
∫
~w∈D(ε′)
d~weβH
′(~w|~r), (25)
where the expected return H′(~w|~r) in Eq. (7) is regarded
as the Hamiltonian, and the integral of ~w is regarded as
the feasible portfolio subset D(ε′).
Then, the maximum expected return per asset R′ is
derived from the following thermodynamic relation:
R′ = max
~w∈D(ε′)
{
1
N
H′(~w|~r)
}
= lim
β→∞
1
N
∂
∂β
logZ(ε′, X,~r), (26)
where in order to maximize the expected return H′(~w|~r)
in the dual problem, we do not use the description of
5the Boltzmann factor given in Eq. (13), but rather use
that presented in Eq. (25). Note that we also use the
thermodynamic relation given in Eq. (26).
Then, the analysis of the quenched disordered system
is performed as follows:
φ(ε′) = lim
N→∞
1
N
EX,~r [logZ(ε
′, X,~r)]
= Extr
Θ
{
1
2
(χw + qw)(χ˜w − q˜w) + qw q˜w
2
−k + θε′ + βm+ σ
2β2
2
χw − α
2
log(1 + θs2χw)
− αθs
2qw
2(1 + θs2χw)
− 1
2
log χ˜w +
q˜w + k
2
2χ˜w
}
. (27)
(See Appendix D in for details.)
From the extremum conditions, as the results of the
principal variables at inverse temperature β, we have
R′ = m+ σ(βσχw), (28)
qw =
α
α− 1
(
1 + β2σ2χ2w
)
, (29)
χw =
1
θs2(α− 1) . (30)
Furthermore, from ε′ = αs
2χw
2(1+θs2χw)
+ αs
2qw
2(1+θs2χw)2
=
1
2θ +
s2(α−1)
2
(
1 + β2σ2χ2w
)
, β and θ are satisfied by the
following relation:(
βσ
θs2(α− 1)
)2
=
2
s2(α− 1)
(
ε′ − 1
2θ
)
− 1. (31)
In the zero temperature limit, since the right-hand side
is O(1), β/θ ∼ O(1) holds. Then,
R′ = m+ σ
√
2ε′
s2(α − 1) − 1, (32)
qw =
α
α− 1
2ε′
s2(α− 1) , (33)
are obtained. Moreover, the Sharpe ratio S = R
′√
2ε′
is
solved as follows:
S =
m+ σ
√
2ε′
s2(α−1) − 1√
2ε′
. (34)
In addition, from ∂S
∂ε′ = 0, ε
′ = s
2(α−1)
2
(
1 + σ
2
m2
)
and
R′ = m+ σ
2
m
are calculated. Then, the maximum Sharpe
ratio Smax is given as
Smax =
√
m2 + σ2
s
√
α− 1 . (35)
Finally, three points should be noted here. First,
the previous subsection and this subsection describe the
primal-dual structure. When we derive R from Eq. (19),
and set R = R′ and ε = ε′, Eq. (32) is obtained. Sim-
ilarly, R = R′ and ε = ε′ are set, and qw in Eq. (17)
is consistent with qw in Eq. (33). In other words, for a
quenched disordered system, the optimal portfolio that
can minimize the investment risk under a fixed expected
return is consistent with the optimal portfolio that can
maximize the expected return under a fixed investment
risk.
Next, the optimal portfolio that can minimize the ex-
pected return under a fixed investment risk is also solved
using replica analysis. Therefore, the minimum expected
return per asset R′′ is
R′′ = min
~w∈D(ε′)
{
1
N
H′(~w|~r)
}
= lim
β→−∞
1
N
∂
∂β
logZ(ε′, X,~r)
= m− σ
√
2ε′
s2(α− 1) − 1. (36)
In other words, there exists a portfolio for which the ex-
pected return is not less than Eq. (36).
Finally, we discuss the analysis of an annealed disor-
dered system:
R′OR = m+ σ
√
2ε′
s2α
− 1, (37)
qORw =
2ε′
s2α
. (38)
(See Appendix F for details.) From Eqs. (37) and (38),
we obtain
qORw = 1 +
(R′ −m)2
σ2
, (39)
which is consistent with the finding in Eq. (23). In ad-
dition, from Eqs. (32) and (37), R′ > R′OR holds, and
Sharpe ratios S = R
′√
2ε′
and SOR = R
′OR√
2ε′
are confirmed
to be satisfied for the case in which S > SOR.
IV. NUMERICAL EXPERIMENTS
In this section, we investigate the validity of the pro-
posed method through numerical experiments. The
Wishart matrix J = XXT ∈ RN×N can be defined in
terms of the return rate matrix X and the mean vector
~r, as follows:
ε(R,X,~r) =
N
2~eTJ−1~e

1 +
(
R − ~rTJ−1~e
~eTJ−1~e
)2
~rTJ−1~r
~eTJ−1~e −
(
~rTJ−1~e
~eTJ−1~e
)2

 , (40)
R′(ε′, X,~r) =
√
~rTJ−1~r
~eTJ−1~e
−
(
~rTJ−1~e
~eTJ−1~e
)2√
2ε′~eTJ−1~e
N
− 1
+
~rTJ−1~e
~eTJ−1~e
. (41)
6Based on this, the C return rate matrices,
X1, X2, · · · , XC ∈ RN×p and the C mean vectors,
~r1, ~r2, · · · , ~rC ∈ RN ,
ε =
1
C
C∑
c=1
ε(R,Xc, ~rc), (42)
R′ =
1
C
C∑
c=1
R′(ε′, Xc, ~rc), (43)
are estimated, where the elements of the cth return rate
matrix Xc =
{
xciµ√
N
}
∈ RN×p, xciµ, have independent and
identical probability distributions having a mean of 0 and
a variance of s2, and the component of the cth mean vec-
tor ~rc = (rc1, · · · , rcN )T ∈ RN , rci has an independent and
identical probability distribution having a mean ofm and
a variance of σ2. Moreover, the investment concentration
qw and the Sharpe ratio S are also estimated.
Thus, in the numerical simulations, N = 1, 000 and
p = 3, 000, i.e., α = p/N = 3, the primal problem and
the dual problem at (s2,m, σ2) = (1, 1, 1) are examined.
The sample size used in the estimation is C = 100. The
results of the primal problem and the dual problem are
shown in Figs. 1 and 2, respectively. In Fig. 1, the
horizontal axis shows the return coefficient R, and the
vertical axes show (a) the minimal investment risk per
asset ε, (b) the investment concentration qw, and (c) the
Sharpe ratio S. Moreover, in Fig. 2, the horizontal axis
shows the risk coefficient ε′, and the vertical axes show
(a) the maximal expected return per asset R′, (b) the
investment concentration qw, and (c) the Sharpe ratio
S. The solid (orange) lines indicate the results of the
replica analysis, and the (blue) asterisks with the error
bars show the numerical results. The dashed (black) lines
in Fig. 1 indicate (a) s
2(α−1)
2 , (b)
α
α−1 , and (c) Smax,
and those in Fig. 2 indicate (a) m, (b) α
α−1 , and (c)
Smax. As shown in these figures, the results derived by
the proposed method are consistent with the numerical
results, i.e., the effectiveness of the proposed approach is
confirmed.
V. CONCLUSION AND FUTURE RESEARCH
In the present paper, in order to extend the portfolio
optimization problem of a quenched disordered system
with only a budget constraint, which has was considered
in our previous study [9], we analyzed the portfolio opti-
mization problem of a quenched disordered system with
several constraints using replica analysis and discussed
the primal-dual structure of the mean-variance model.
In our previous studies [12, 13], the primal-dual structure
with respect to investment concentration and investment
risk was assessed. In the present paper, the portfolio op-
timization problem minimizing the investment risk with
budget and expected return constraints is regarded as the
primal problem, and the portfolio optimization problem
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FIG. 1. Results of the replica analysis and the numeri-
cal experiments (α = p/N = 3). The horizontal axis shows
the return coefficient R, and the vertical axes show (a) the
minimal investment risk per asset ε, (b) the investment con-
centration qw , and (c) the Sharpe ratio S. The solid (orange)
lines indicate the results of the replica analysis for (a) Eq.
(19), (b) Eq. (17), and (c) Eq. (20). The (blue) asterisks
with the error bars indicate the results of the numerical sim-
ulation, and the dashed (black) lines indicate the results for
(a) s
2(α−1)
2
, (b) α
α−1
, and (c) Smax.
maximizing the expected return with budget and invest-
ment risk constraints is regarded as the dual problem.
We clarified the primal-dual structure in these two port-
folio optimization problems. Similar to the annealed dis-
ordered system considered in general operations research
studies, the minimal investment risk was confirmed to
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FIG. 2. Results obtained by the replica analysis and the
numerical experiments (α = p/N = 3). The horizontal axis
shows the risk coefficient ε′, and the vertical axes show (a) the
maximal return per asset R′, (b) the investment concentration
qw, and (c) the Sharpe ratio S. The solid (orange) lines show
the results of the replica analysis for (a) Eq. (32), (b) Eq.
(33), and (c) Eq. (34). The (blue) asterisks with the error
bars indicate the results of the numerical simulation, and the
dashed (black) lines indicate (a) m, (b) α
α−1
, and (c) Smax.
be a quadratic function with respect to the coefficient of
the expected return constraint in the primal problem of
a quenched disordered system. Moreover, in order to val-
idate the effectiveness of the proposed method, we com-
pared its results to those of numerical simulations and
confirmed that there was good agreement.
In the future, since the randomness of the return rate
in the study by Varga-Haszonits et al. [11] is different
from that in the present paper, we need to consider the
primal-dual problem in terms of the randomness used in
that study and theoretically develop a methodology for
resolving the portfolio optimization problem. Moreover,
in such cases, we also need to verify the mathematical
structure of the Sharpe ratio.
Appendix A: Lagrange multiplier method for the
primal problem
In this appendix, we discuss the portfolio optimization
problem by applying Lagrange’s method of undetermined
multipliers to the primal problem. First, the Lagrange
undetermined multiplier function is given as follows:
L =
1
2
~wTJ ~w + k
(
N − ~wT~e)+ θ (NR− ~wT~r) ,(A1)
where the auxiliary variables k and θ are used. Since
∂L
∂ ~w
= 0, we obtain
~w = kJ−1~e+ θJ−1~r, (A2)
and, since ∂L
∂k
= ∂L
∂θ
= 0, we obtain
(
1
R
)
=
(
~eTJ−1~e
N
~rTJ−1~e
N
~rTJ−1~e
N
~rTJ−1~r
N
)(
k
θ
)
, (A3)
where(
k
θ
)
=
1
D
(
~rTJ−1~r
N
−~rTJ−1~e
N
−~rTJ−1~e
N
~eTJ−1~e
N
)(
1
R
)
, (A4)
D =
(
~eTJ−1~e
N
)2{
~rTJ−1~r
~eTJ−1~e
−
(
~rTJ−1~e
~eTJ−1~e
)2}
. (A5)
In addition, from Eq. (A2), we have J ~w = k~e+θ~r. Then,
from ε = 12N ~w
TJ ~w = k+Rθ2 ,
ε =
N
2~eTJ−1~e

1 +
(
R− ~rTJ−1~e
~eTJ−1~e
)2
~rTJ−1~r
~eTJ−1~e −
(
~rTJ−1~e
~eTJ−1~e
)2

 , (A6)
is solved. This finding depends on the given return rate
matrix X and mean vector ~r. Next, we briefly consider
the analysis of a quenched disordered system.
When N is sufficiently large, both sides of Eq. (A3)
are averaged by the mean vector ~r. Then, we obtain(
1
R
)
= E~r
[(
~eTJ−1~e
N
~rTJ−1~e
N
~rTJ−1~e
N
~rTJ−1~r
N
)(
k
θ
)]
. (A7)
Each component of the coefficient matrix can be obtained
independently as
E~r
[
~rTJ−1~e
]
= m~eTJ−1~e, (A8)
E~r
[
~rTJ−1~r
]
= m2~eTJ−1~e + σ2TrJ−1 (A9)
in terms of the mean vector ~r. Furthermore, using N
eigenvalues of the Wishart matrix J = XXT ∈ RN×N ,
8λ1, · · · , λN , since
∑N
i=1 λ
−1
i = ~e
TJ−1~e = TrJ−1 holds,
we have(
1
R
)
=
~eTJ−1~e
N
(
1 m
m m2 + σ2
)(
k
θ
)
. (A10)
In addition, from [9], we have
1
N
~eTJ−1~e =
1
s2(α − 1) , (A11)
i.e., we obtain
ε =
s2(α− 1)
2
(
1 +
(R −m)2
σ2
)
. (A12)
This finding is consistent with the results of the replica
analysis in Eq. (19).
Appendix B: Lagrange multiplier method for the
dual problem
Here, we analyze the portfolio optimization by apply-
ing Lagrange’s method of undetermined multipliers to
the dual problem. First, the Lagrange undetermined
multiplier function is defined as follows:
L = ~rT ~w + k(~wT~e−N) + θ
(
Nε′ − 1
2
~wTJ ~w
)
,(B1)
where the auxiliary variables k and θ are used. Since
∂L
∂ ~w
= 0, we obtain
~w =
k
θ
J−1~e+
1
θ
J−1~r, (B2)
and since ∂L
∂k
= ∂L
∂θ
= 0, we have
1 =
k
θ
~eTJ−1~e
N
+
1
θ
~rTJ−1~e
N
, (B3)
ε′ =
1
2
(
k2
θ2
~eTJ−1~e
N
+ 2
k
θ2
~rTJ−1~e
N
+
1
θ2
~rTJ−1~r
N
)
,
=
N
2~eTJ−1~e
[(
k
θ
~eTJ−1~e
N
+
1
θ
~rTJ−1~e
N
)2
+
1
θ2
(
~eTJ−1~e
N
)2{
~rTJ−1~r
~eTJ−1~e
−
(
~rTJ−1~e
~eTJ−1~e
)2}]
.(B4)
In summary,
θ =
√
D√
2ε′ ~eTJ−1~e
N
− 1
, (B5)
is obtained, whereD is as defined in Eq. (A5). Moreover,
k =
N
~eTJ−1~e
(
θ − ~r
TJ−1~e
N
)
(B6)
is derived from Eq. (B3). In addition, using Eq. (B2),
from Nε′ = 12 ~w
T
(
k
θ
~e+ 1
θ
~r
)
= N2θ (k +R
′), we have
R′ = 2ε′θ − k
=
√
~rTJ−1~r
~eTJ−1~e
−
(
~rTJ−1~e
~eTJ−1~e
)2√
2ε′~eTJ−1~e
N
− 1
+
~rTJ−1~e
~eTJ−1~e
. (B7)
This finding depends on a given return rate matrixX and
mean vector ~r. Next, we briefly consider the analysis of
a quenched disordered system.
If N is sufficiently large, both sides in Eqs. (B3) and
(B4) are averaged over the mean vector. Then, we obtain
1 =
~eTJ−1~e
N
k +m
θ
, (B8)
ε′ =
~eTJ−1~e
2N
(
k2
θ2
+ 2m
k
θ2
+
1
θ2
(m2 + σ2)
)
. (B9)
In other words,
k =
Nθ
~eTJ−1~e
−m, (B10)
θ =
σ~eTJ−1~e
N
1√
2ε′~eTJ−1~e
N
− 1
, (B11)
are derived. Thus, R′ = 2ε′θ − k is solved as follows:
R′ =
(
2ε′ − N
~eTJ−1~e
)
θ +m
= m+ σ
√
2ε′~eTJ−1~e
N
− 1, (B12)
and using Eq. (A11), we can calculate 1
N
~eTJ−1~e =
1
s2(α−1) ,
R′ = m+ σ
√
2ε′
s2(α− 1) − 1. (B13)
This finding is consistent with the results derived by the
replica analysis in Eq. (32).
Appendix C: Replica approach for the primal
problem
In this appendix, we demonstrate a replica analysis
of a quenched disordered system of the primal problem.
Following previous studies, when n ∈ Z, the configura-
tion average of the nth power of the partition function
9Z(R,X,~r), EX,~r [Z
n(R,X,~r)] is expanded as follows:
EX,~r [Z
n(R,X,~r)]
=
1
(2π)
Nn
2
+pn
Extr
~k,~θ
∫ ∞
−∞
n∏
a=1
d~wad~uad~va
EX,~r
[
exp
(
−β
2
n∑
a=1
p∑
µ=1
v2µa + i
n∑
a=1
p∑
µ=1
uµavµa
− i√
N
N∑
i=1
p∑
µ=1
xiµ
n∑
a=1
uµawia +
n∑
a=1
ka
(
N∑
i=1
wia −N
)
+
n∑
a=1
θa
(
N∑
i=1
riwia −NR
))]
=
1
(2π)
Nn
2
+pn
Extr
~k,~θ,Qw,Q˜w
∫ ∞
−∞
n∏
a=1
d~wad~uad~va
exp
(
−β
2
p∑
µ=1
n∑
a=1
v2µa + i
p∑
µ=1
n∑
a=1
uµavµa
−s
2
2
p∑
µ=1
n∑
a=1
n∑
b=1
qwabuµauµb −N
n∑
a=1
ka −NR
n∑
a=1
θa
+Nm
n∑
a=1
θa +
Nσ2
2
n∑
a=1
n∑
b=1
θaθbqwab +
N∑
i=1
n∑
a=1
kawia
−1
2
n∑
a=1
n∑
b=1
q˜wab
(
N∑
i=1
wiawib − qwab
))
, (C1)
where ~wa = (w1a, · · · , wNa)T ∈ RN , ~ua =
(u1a, · · · , upa)T ∈ Rp, ~va = (v1a, · · · , vpa)T ∈ Rp, (a =
1, · · · , n), and
EX
[
e
− ixiµA√
N
]
≃ e− s
2
2N
A2 , (C2)
E~r
[
eriB
] ≃ emB+σ22 B2 , (C3)
are used as the configuration average on xiµ, ri. More-
over, ~k = (k1, · · · , kn)T ∈ Rn, ~θ = (θ1, · · · , θn)T ∈
R
n, Qw = {qwab} ∈ Rn×n, Q˜w = {q˜wab} ∈ Rn×n are
used. Then, as the number of assets N approaches infin-
ity, we have
lim
N→∞
1
N
logEX,~r [Z
n(R,X,~r)]
= Extr
~k,~θ,Qw,Q˜w
{
1
2
TrQwQ˜w − ~kT~e− (R−m)~θT~e
+
σ2
2
~θTQw~θ − α
2
log det
∣∣I + βs2Qw∣∣
−1
2
log det
∣∣∣Q˜w∣∣∣+ 1
2
~kTQ˜−1w ~k
}
, (C4)
where α = p/N ∼ O(1), and the identity matrix I ∈
R
n×n and unit vector ~e = (1, · · · , 1)T ∈ Rn are used.
Then, based on the ansatz of the replica symmetry solu-
tion, with respect to a, b = 1, 2, · · · , n,
qwab =
{
χw + qw a = b
qw a 6= b , (C5)
q˜wab =
{
χ˜w − q˜w a = b
−q˜w a 6= b , (C6)
ka = k, (C7)
θa = θ, (C8)
are set, and
φ(R) = lim
n→0
∂
∂n
{
lim
N→∞
1
N
logEX,~r [Z
n(R,X,~r)]
}
= Extr
Θ
{
1
2
(χw + qw)(χ˜w − q˜w) + qw q˜w
2
−k − (R −m)θ + σ
2θ2
2
χw − α
2
log(1 + βs2χw)
− αβs
2qw
2(1 + βs2χw)
− 1
2
log χ˜w +
q˜w + k
2
2χ˜w
}
, (C9)
is evaluated. Then, as the extremal conditions, we obtain
∂φ(R)
∂k
= −1 + k
χ˜w
= 0, (C10)
∂φ(R)
∂θ
= −(R−m) + σ2χwθ = 0, (C11)
∂φ(R)
∂χw
=
1
2
(χ˜w − q˜w) + σ
2θ2
2
− αβs
2
2(1 + βs2χw)
+
αβ2s4qw
2(1 + βs2χw)2
= 0, (C12)
∂φ(R)
∂qw
=
1
2
(χ˜w − q˜w) + q˜w
2
− αβs
2
2(1 + βs2χw)
= 0, (C13)
∂φ(R)
∂χ˜w
=
1
2
(χw + qw)− 1
2χ˜w
− q˜w + k
2
2χ˜2w
= 0, (C14)
∂φ(R)
∂q˜w
= −1
2
(χw + qw) +
qw
2
+
1
2χ˜w
= 0, (C15)
and
χw =
1
βs2(α− 1) , (C16)
qw =
α
α− 1
(
1 +
(R −m)2
σ2
)
. (C17)
Furthermore, the minimal investment risk per asset ε is
ε = − lim
β→∞
∂φ(R)
∂β
= lim
β→∞
{
αs2χw
2(1 + βs2χw)
+
αs2qw
2(1 + βs2χw)2
}
=
s2(α− 1)
2
(
1 +
(R −m)2
σ2
)
. (C18)
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Appendix D: Replica approach for the dual problem
In this appendix, we explain in detail the replica anal-
ysis of a quenched disordered system involving the dual
problem. Following the discussion in the above appendix,
when n ∈ Z, the configuration average of nth power of
the partition function Z(ε′, X,~r), EX,~r [Zn(ε′, X~r)] is ex-
panded as follows:
EX,~r [Z
n(ε′, X~r)]
=
1
(2π)
Nn
2
+pn
Extr
~k,~θ
∫ ∞
−∞
n∏
a=1
d~wad~uad~va
EX,~r
[
exp
(
β
n∑
a=1
N∑
i=1
riwia + i
n∑
a=1
p∑
µ=1
uµavµa
− i√
N
N∑
i=1
p∑
µ=1
xiµ
n∑
a=1
uµawia +
n∑
a=1
ka
(
N∑
i=1
wia −N
)
+
n∑
a=1
θa
(
Nε′ − 1
2
p∑
µ=1
v2µa
))]
. (D1)
As in the previous discussion, as the number of assets N
approaches infinity, we obtain
lim
N→∞
1
N
logEX,~r [Z
n(ε′, X,~r)]
= Extr
~k,~θ,Qw ,Q˜w
{
1
2
TrQwQ˜w − ~kT~e + ε′~θT~e + nβm
+
σ2β2
2
~eTQw~e− α
2
log det
∣∣I + s2ΘQw∣∣
−1
2
log det
∣∣∣Q˜w∣∣∣+ 1
2
~kTQ˜−1w ~k
}
, (D2)
where Θ = diag(θ1, · · · , θn) ∈ Rn×n is used. Then, based
on the assumption of a replica symmetry solution, we
obtain
φ(ε′) = lim
n→0
∂
∂n
{
lim
N→∞
1
N
logEX,~r [Z
n(ε′, X,~r)]
}
= Extr
Θ
{
1
2
(χw + qw)(χ˜w − q˜w) + qw q˜w
2
−k + θε′ + βm+ σ
2β2
2
χw − α
2
log(1 + θs2χw)
− αθs
2qw
2(1 + θs2χw)
− 1
2
log χ˜w +
q˜w + k
2
2χ˜w
}
. (D3)
Then, as the extremal conditions, we obtain
∂φ(ε′)
∂k
= −1 + k
χ˜w
= 0, (D4)
∂φ(ε′)
∂θ
= ε′ − αs
2χw
2(1 + θs2χw)
− αs
2qw
2(1 + θs2χw)
+
αθs4qwχw
2(1 + θs2χw)2
= 0, (D5)
∂φ(ε′)
∂χw
=
1
2
(χ˜w − q˜w) + σ
2β2
2
− αθs
2
2(1 + θs2χw)
+
αθ2s4qw
2(1 + θs2χw)2
= 0, (D6)
∂φ(ε′)
∂qw
=
1
2
(χ˜w − q˜w) + q˜w
2
− αθs
2
2(1 + θs2χw)
= 0, (D7)
∂φ(ε′)
∂χ˜w
=
1
2
(χw + qw)− 1
2χ˜w
− q˜w + k
2
2χ˜2w
= 0, (D8)
∂φ(ε′)
∂q˜w
= −1
2
(χw + qw) +
qw
2
+
1
2χ˜w
= 0, (D9)
and
χw =
1
θs2(α− 1) , (D10)
qw =
α
α− 1
(
1 + β2σ2χ2w
)
. (D11)
Substituting the above into ε′ = αs
2χw
2(1+θs2χw)
+ αs
2qw
2(1+θs2χw)2
,
we then obtain
ε′ =
1
2θ
+
s2(α− 1)
2
(
1 + β2σ2χ2w
)
, (D12)
and
βσχw =
√
2
s2(α− 1)
(
ε′ − 1
2θ
)
− 1, (D13)
are evaluated. Thus, the maximal expected return per
asset R′ is calculated as follows:
R′ = lim
β→∞
∂φ(ε′)
∂β
= m+ σ lim
β→∞
βσχw
= m+ σ
√
2ε′
s2(α− 1) − 1, (D14)
where, from βσχw ∼ O(1), β/θ ∼ O(1) is used. In addi-
tion, from Eq. (D12),
βσχw = −
√
2
s2(α− 1)
(
ε′ − 1
2θ
)
− 1, (D15)
is also derived, as β → −∞, the minimal expected return
per asset under the investment risk is fixed, and R′′ is
obtained as follows:
R′′ = m− σ
√
2ε′
s2(α− 1) − 1. (D16)
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Appendix E: Annealed disordered approach for the
primal problem
Here, the typical behavior of an annealed disordered
system involving the primal problem is discussed. First,
following the analytical procedure of operations research,
the expected investment risk EX [H(~w|X)] is calculated
as follows:
EX [H(~w|X)] = 1
2
~wTEX
[
XXT
]
~w
=
s2α
2
N∑
i=1
w2i . (E1)
Then, the object function of Lagrange’s method of unde-
termined multipliers is prepared as follows:
LOR =
s2α
2
N∑
i=1
w2i + k
OR
(
N − ~wT~e)
+θOR
(
NR− ~wT~r) , (E2)
where the auxiliary variables kOR, θOR are used. Thus,
from ∂L
OR
∂wi
= 0, we obtain
wi =
kOR + θORri
s2α
. (E3)
Furthermore, from ∂L
OR
∂kOR
= ∂L
OR
∂θOR
= 0,
(
kOR
θOR
)
= s2α
(
1 1
N
∑N
i=1 ri
1
N
∑N
i=1 ri
1
N
∑N
i=1 r
2
i
)−1(
1
R
)
=
s2α
m2 + σ2 −m2
(
m2 + σ2 −m
−m 1
)(
1
R
)
,(E4)
is assessed, where when N is sufficiently large, we have
1
N
N∑
i=1
ri = m, (E5)
1
N
N∑
i=1
r2i = m
2 + σ2. (E6)
Then, the typical behavior of an annealed disordered sys-
tem is obtained as follows:
εOR =
s2α
2
1
N
N∑
i=1
(
kOR + θORri
s2α
)2
=
1
2s2α
(
(kOR)2 + 2kORθORm+ (θOR)2(m2 + σ2)
)
=
s2α
2
(
1 +
(R −m)2
σ2
)
. (E7)
Appendix F: Annealed disordered approach for the
dual problem
Here, the typical behavior of an annealed disordered
system involving the dual problem is also discussed.
First, followed by the analytical procedure of operations
research, the object function of Lagrange’s method of un-
determined multipliers is defined as follows:
LOR = ~rT ~w + kOR
(
~wT~e−N)
+θOR
(
Nε′ − s
2α
2
N∑
i=1
w2i
)
, (F1)
where, as in the primal problem discussed above, the
expected investment risk in Eq. (E1), s
2α
2
∑N
i=1 w
2
i is
used. Thus, from ∂L
OR
∂wi
= 0, we obtain
wi =
kOR + ri
s2αθOR
. (F2)
Moreover, from ∂L
OR
∂kOR
= ∂L
OR
∂θOR
= 0, we obtain
1 =
kOR +m
s2αθOR
, (F3)
ε′ =
s2α
2s4α2(θOR)2
((kOR)2 + 2kORm+m2 + σ2)
=
s2α
2
(
1 +
( σ
s2αθOR
)2)
. (F4)
Based on this and R′ = 1
N
∑N
i=1 ri
(
kOR+ri
s2αθOR
)
=
kORm+m2+σ2
s2αθOR
, we obtain
R′ = m+ σ
σ
s2αθOR
= m+ σ
√
2ε′
s2α
− 1, (F5)
where, from Eq. (F4), we use
σ
s2αθOR
=
√
2ε′
s2α
− 1. (F6)
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